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Abstract. We develop a geometric invariant Littlewood-Paley theory for ar- 
bitrary tensors on a compact 2 dimensional manifold. We show that all the 
important features of the classical LP theory survive with estimates which 
depend only on very limited regularity assumptions on the metric. We give 
invariant descriptions of Sobolev and Besov spaces and prove some sharp prod- 
uct inequalities. This theory has being developed in connection to the work of 
the authors on the geometry of null hypersurfaces with a finite curvature flux 
condition, see [Kl-Rodnl], [Kl-Rodn2]. We are confident however that it can 
be applied, and extended, to many different situations. 



1. INTRODUCTION 



In its simplest manifestation Littlewood-Paley theory is a systematic method to 
understand various properties of functions /, defined on R", by decomposing them 
in infinite dyadic sums / = X^fcez Z'^' '^i^h frequency localized components fk-, i.e. 
fk{0 = for all values of ^ outside the annulus 2^^^ < \^\ < 2'^'+^. Such a decom- 
position can be easily achieved by choosing a test function x — x(ICI) iii Fourier 
space, supported in i < |^| < 2, and such that, for all ^ 7^ 0, X]fcezX(2 '^O = 1- 
Then set fk{0 = xi'^'^OfiO or , in physical space, 

Pkf = fk ^ mk * f 

where mk{x) — 2"'^m(2'^x) and m{x) the inverse Fourier transform of x- The 
operators Pk are called cut-off operators or, improperly, LP projections. We denote 
Pj = J2keJ^i^ ^'^^ intervals J C Z. 

The following properties of these LP projections are very easy to verify and lie at 
the heart of the classical LP theory: 

LP 1. Almost Orthogonality: The operators Pk are selfadjoint and verify 
PkiPk2 = for all pairs of integers such that j/ci — ^2! > 2. In particular, 

k 
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LP 2. LP-boundedness: For any 1 < p < oo, and any interval J C Z, 

\\PjF\\l. < \\FU. (1) 

LP 3. Finite band property: We can write any partial derivative VPkf in the 
form VPkf = '^''Pkf where Pfe are the LP-projections associated with a slightly 
different test function % and verify the property LP2. Thus, in particular, for any 
1 < p < DO 

||VPfeF||L. < 2*=||F||i. 

LP 4. Bernstein inequalities. For any 2 < p < oo we have the Bernstein 
inequality and its dual, 

\\PkF\\Loo < 2'=(i-i)||P|U2, \\PkFU2 < 2'=(i-i)||P||^,, 

The last two properties go a long way to explain why LP theory is such a useful 
tool for partial differential equations. The finite band property allows us to replace 
derivatives of the dyadic components fk by multiplication with 2'^. The L°° 
Bernstein inequality is a dyadic remedy for the failure of the embedding of the 
Sobolev space (R") to L°°(R"). Indeed, in view of the finite band property, the 
Bernstein inequality does actually imply the desired Sobolev inequality for each LP 
component /fe, the failure of the Sobolev inequality for / is due to the summation 

Just like Fourier transform, Littlcwood-Paley theory allows one to separate waves of 
various frequencies for linear partial differential equations with constant coefficients 
and therefore its usefulness in this context is not that surprising. It took longer 
to realize that it is helpful, in fact even more helpful, for the analysis of nonlinear 
equations. It turns out that multiplication properties of various classical spaces 
of functions are best understood by decomposing the corresponding functions in 
dyadic LP components. This allows one to isolate and treat differently interactions 
of various components of the functions. Moreover the LP calculus allows one to ma- 
nipulate a nonlinear PDF to derive coupled equations for each particular frequency. 
A first systematic application^ of LP theory to nonlinear PDE's was developed by 
Bony in the form of what is called the paradifferential calculus [B] . Notable applica- 
tions of LP theory include recent advanced in fluid dynamics, nonlinear dispersive 
as well as nonlinear wave equations (both semilinear and quasilinear) , see e.g. [Ch], 
[Ba-Ch], [Bour], [Tat], [Tao], [Sm-Ta]. 

In this paper we develop an invariant LP theory for compact 2-surfaces. Our 
immediate goal is to apply this theory to study the geometric properties of null 
hypersurfaces, in Einstein-vacuum manifolds, with a finite curvature flux condition, 
see [Kl-Rodnl]-[Kl-Rodn2]. We believe however that the theory we develop can have 
far wider applications. 



The first manifestation of these type of ideas can be traced to the work of J. Nash on the 
isometric embedding problem [?] 
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Following a well-known procedure (see Stein [Steinl]) we base our approach on heat 
flow, 



with A = g^^ViV j the usual Laplace-Beltrami operator defined on the space of 
smooth tensorfields of order m > 0. 

We then define LP projections Pk according to the formula, 



Jo 

where mk{T) = 2^'^m(2^'^T) and m(T) is a Schwartz function with a finite number 
of vanishing moments. 

Under some primitive assumptions on the geometry of our compact 2-dimensional 
manifold S wc prove a sequence of properties for these geometric LP projections, 
similar to LPl- LP4. Some of our results are necessarily weaker^. For example 
the pointwise version of the almost orthogonality property LPl does not hold. We 
can replace it however by its sufficiently robust analogue. We also find satis- 
factory analogues for LP2-LP4. However we discover that the minimal geometric 
assumptions, we impose, restrict the range of p in LP 3 to p = 2 and p ^ oo in 
LP 4. Moreover, the L°° Bernstein inequality requires additional geometric 

assumptions which diS^er dependent on whether F is a scalar or a tensor. 

In section 2 we state our main regularity assumptions on a 2-D manifold S and 
establish some basic calculus inequalities. This is the only place in the paper where 
we make use of special coordinates. Our assumption of weak regularity is meant to 
guarantee the existence of such coordinates. 

Section 3 discusses the Bochner identities for scalar functions and general tensor- 
fields. Note that the Bochner identity for tensorfields has an additional term, not 
present for scalars, which requires stronger assumptions on the Gauss curvature K 
of our manifold. 

In section 4 we define the heat flow generated by the Laplace-Beltrami operator 
A on tensorfields of arbitrary order. The properties of the heat equation derived 
in that section requires no regularity assumptions on S beyond the fact that the 
metric must be Riemannian. 

In section 5 wc use the heat flow to develop an invariant, tensorial, Littlewood- 
Paley theory on manifolds. We prove analogues of the LPl- LP4 properties of the 
classical LP theory. Once more, for most properties of our LP projections, we need 
no regularity assumptions on the metric:, beyond the; fact that it is Riemannian. 
We do however make use of the weak regularity assumption on our manifold S in 
the proof of the weak Bernstein inequality and its consequences. 

In sections 7 and 8 we define fractional Sobolev and Besov spaces. 

^Indeed, even in Euclidean space the LP projections constructed by the heat flow do not possess 
sharp localization properties in Fourier space 



drU{T)F - MJ{t)F = 0, C/(0)F = F 



(2) 




(3) 
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In Section 9 we show how to use the geometric LP theory developed so far to prove 
some (non sharp) product estimates in fractional Sobolev and Besov spaces. 

In section 10 we discuss the sharp L°° Bernstein inequality. In addition to 

the main weak regularity assumptions on the 2-D manifold S we have to impose 
conditions on its Gauss curvature K. We detect a sharp difference in the require- 
ments imposed on K dependent on whether we consider the scalar or the the general 
tensorial case. 

In section 11 we return to the earlier product estimates and prove their sharp 
versions under the additional conditions needed for the sharp Bernstein inequality. 

In section 12. we consider the mapping property of the covariant differentiation V 
on the Besov space B2,i- 

Acknowledgments: We want to thank E. Stein for very helpful discussions and 
suggestions. 



2. Calculus inequalities 



In this section we establish some basic calculus inequalities on a smooth, compact, 
2 -D maniflold S. We say that a coordinate chart U C M with coordinates , x^ is 
admissible if, relative to these coordinates, there exists a constant c > such that, 

c-^\^f <labip)e^'' <c\(f, uniformly for all p e C/ (4) 
We also assume that the Christoffel symbols F^^ verify, 

J2 I nfdxUx-" < (5) 

a,b,c 

Definition 2.1. We say that a a smooth 2-d manifold S is weakly regular (WR) 
if can be covered by a finite number of admissible coordinate charts, i.e., charts 
satisfying the conditions (4), (5). 

Remark 2.2. Although we assume that our manifold S is smooth our results below 
depend only on the constants in (4) and (5). The notion of weak regularity is 
introduced to emphasize this fact. 

Whenever we have inequalities of the type A < C ■ B, with C a constant which 
depends only on c above, we write A< B. 

Under the WR assumption a it is easy to prove the following calculus inequalities: 

Proposition 2.3. Let f be a real scalar function on a 2-d weakly regular manifold 
S. Then, 

ll/IU^ < ||V/|Ui + ll/IUi (6) 
ll/lk- < IIVVlUi + ll/IU^ (7) 
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Proof : Both statements can be reduced, by a partition of unity, to the case when 
the function / has compact support in an admissible local chart U C S. Let , 
be an admissible system of coordinates in U. Then, 

\f{x\x-'f\ = I r d^f{y,x'')dy r d2f{x\y)dy\ 

J — OO J —CO 

/GO f CO' 

\d^f{y,x^)dy\- \d2f{x\y)\dy 
-OO J — OO 

Hence, 

/ |/(a;\a;2)|2da;ida;2 < / \dif{x\x'^)\dx^dx'^ ■ [ \d2f{x\x'^)\dx^dx'^ 

Jr^ JR2 J-R2 

< I \Wf{x\x^)\dxHx\ 
Thus, since in view of (4) c < y/\g\ < c~^, 



( / \fix)\^^A9\dx'dx'y < ( / \Vfix)\^y^\dx'dx 
Ju Ju 

as desired. Simmilarly, 

f{x\x^)= r r dAf{y\y^)dyW- 

J —OO J —OO 



1^^2\ 2 



Hence, 



\f{x\x^)\ < [ (|vV(y\2/')l + |r||V/(y\y2)|) 

< [ |vVl + ( / |rp)^||v/|U.(5) 

Js Ju 

< IIvVIUhs) + l|v/|U.(5) 



As a corollary of the estimate (6) we can derive the following Gagliardo-Nirenberg 

inequality: 

Corollary 2.4. Given an arbitrary tensorfield F on M and any 2 < p < oo we 
have, 

ii^^iu^<iivi^iil;^iii^iii + iiFiu^ (8) 

Proof : For any p > 2 we can write, 

\\F\\%^ = Ill^r^'IU^ ^ l|V|F|f/2||^i + \\\F\p/^\\l. 
< (IIVFIU2 + . IIFIlgl, 

Thus, inductively, for all p = 2k, k = 1,2, . . . 

The result for general p now follows by interpolation in the scale of spaces. ■ 
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As a Corollary to (7) wc also derive 
Corollary 2.5. For any tensorfield F on S, 

\\F\\L^<\\V'F\\l-\\F\\l + \\Fh. (9) 
Moreover, we have a more precise estimate for any 2 < p < oo, 

\\F\\l^ < \\'^'F\\U\\'^F\ff\\F\\i + \\F\\f) + \\VFU.. (10) 



Proof : We apply the estimate (7) to the scalar \F\ as follows, 



\F\\l^ < \\W'\Ffhr + \\\Ff\\L^ 



< \\V^Fh4FU. + \\VF\\l. + \\F\\l, 



In view of (8), 

\\f\\1.<\\'vf\\l4f\\l- + \\f\\1. 

Hence, 

ll^^llioo < IIV^FIU^IIFIU^ + IIVFIll^ + \\VFU2\\F\\l2 + \\F\\l, 

The desired estimate now follows by Cauchy-Schwartz. To prove the estimate (10) 
we observe that applying (7) to \F\p we obtain 

lli^lk- <||V^F|||.IIF||3;_„ + ||VF|U. 

By the Galgiardo-Nirenberg inequality (8) we have that 

\\Fhn.-r, <\\WF\0\\F\\]^' +\\F\\l. 

Thus, finally 

\\F\\l'^ < ||V^F||t.(||VF||y + \\F\\f) + \\VFU. 

as desired. ■ 



3. BOCHNER IDENTITY 



In this section we recall the Bochner identity on a 2-D manifold. This allows us to 
control the norm of the second derivatives of a tensorfield in terms of the L"^ 
norm of the laplacian and geometric quantities associated with a given 2-surface. 

Proposition 3.1. Let K denote the Gauss curvature of our 2-D riemannian man- 
ifold M . Then 

i ) For a scalar function f 

[ |VVr= / |A/P- / K\Vf\' (11) 
Js Js Js 
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ii) For a vectorfield Fa 

[ |v2F|2= I |AF|2- [ K{2\WF\^-\ divF\''-\ curl F\^) + [ K^\Ff 
Js Js Js Js (•]^2) 

where div F = -f'^'^ybFa, curl F = div { * F) =eab V aFb 
Proof : Recall that on a 2-surface the Riemann tensor 

-Rafted = {laclbd - ladlbc)K, Rab = ^abK, (13) 

To prove i) observe that, relative to an arbitrary orthonormal frame (ea)a=i,2) 

Va(A/) = Va(VcVc/) = VcVaVc/+[Va,Vc]Vc/ 
= ycycya.f + Redact df 
= ^{Vaf)-RadVdf 

Thus, 

/ |A/|2 = - / V„(A/) ■VJ= [ AV„/ • V„/ - Rab^af^bf 

Js Js Js 

= [ IWI'- / K\Vff 
Js Js 

as desired. 

Similarly for a vector Fi, 

V„(AFi) = V„,(V,V,::i^,;) = VcVaVcF, + [Va, VJVeFi 

= VcVeVa/, + Vc([Va, Vc]i^O + Redact dF^ + Ridac^ cFd 

= A{\/aFi) + V c{RidacFd) + Redact dFi + Ridac^ cFd 

= A(VaFi) + Vc (RidacFd) - Rda^dFi + Ridac^cFd 



Hence, 



- / \AF\^ = / Va(AFj 
Js Js 



Js Js 



Rda^ dFi^ aFi + / Ridac^ cFd^ aFi 
S JS 



Now observe that, 

/ RidacFdV cV aFi = - [ RidacFd{V aFi — VoVc-Fj) = ^ / ^dacRimcaFdF„ 
Js ^ JS ^ JS 



Therefore, 



/ |AF|2 = \ IV^Fp + i /" RdiacRrmacFdFm + I RdaV dFiV aFi 

Js Js ^ JS Js 

- i 



Ridac^ cFdV aFi 

IS 
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Using the formulas (13) and observing that VtFa — VaFb —Eba curl F we find, 

RdiacRmiacFdFm = ^K'^SdmFdFm = 2K'^\F\^ 

RdaVdFiVaFi = K\VF\'' 

RidacVcFdVaFi = K{\ div Ff - VaFbVbFa) 

= K{\ div - IVFl"" - VaFbiVbFa - WaFb)) 

= K{\ div F|2 + I curl F|2 - |VF|2) 

Therefore, 

/ |AF|2= / IV^FI^- / \Kf\F\'^+ [ K{{2\WFf-{\ div Fj^ + | curl Fj^)) 
Js Js Js Js 

as desired. ■ 

Corollary 3.2 (Bochner inequality). For any tensorfield F and an arbitrary 2 < 
p < oo 

\\V^F\\l2 < \\AF\\l2 + {\\K\\l2 + \\K\\1,)\\WF\\l2 (14) 
+ ||i^||g^(||VF||ff ||F||ft^ + ||F|l^.) (15) 



Proof : The Bochner identity (12) implies that 

||V'F||i2 < ||AF||i2 + ||i<:|||,||VF|U4 + ||K||^2||F|Uoc (16) 

Using the Gagliardo-Nirenberg inequality (8) and the estimate (10) we infer that 
for any 2 < p < oo 

l|VF|U4<||V^F||J,||VF||J. + ||VF|U2, 

II^^IU- < l|V^F|||,(||VF||y ||F|||, + IIFllj") + IIVFIU2 
Substituting this into (16) we obtain 

IIV^Flli^ < ||AF||i. + ||X||J,(||v2F|||,||VF|||, + ||VF|U2) 

+ ||if|U.(||V^F|||,(||VF||y ||F|||, + ||F||y ) + IIVFIU2) 
This, in turn, implies that 

||V2F|U2<||AF|U2+(||i^|U2 + ||if|||0l|VF|U2 + ||i^||g^(||VF|||f ||F||f^ + ||F|U2) 
as desired. ■ 



4. Heat equation on S 



In this section we study the properties of the heat equation for arbitrary tensorfields 
F on S. 

drU{T)F - MJ{t)F = 0, U{0)F = F, 
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with A = A-^ the usual Laplace-Beltrami operator on S. Observe that the operators 
U{t) are selfadjoint^ and form a semigroup for r > 0. In other words for all, real 
valued, smooth tensorfields F, G, 

[ U{t)F • G = / F- U{t)G, U{n)U{T2) = U{n + T2) (17) 
Js Js 

We shall prove the following L'^ estimates for the operator U{t). 

Proposition 4.1. We have the following estimates for the operator U{t): 

||f/(r)F|U.(S) < WFU^^s) (18) 
\\VU{t)FU^s) < ||VF|U.(5) (19) 

/2 

\\yU{T)F\\ms) < ^r-i\\F\\L.^s) (20) 
||AC/(r)F|U.(5) < ^r-i||F|U.(s) (21) 



We also have, 



\\U{T)VF\\ms) < ^r-i\\F\\L2^s) (22) 



Proof : To prove (18) we multiply the equation 

drU{T)F - AU{t)F = 
by U {t)F and integrate over S. 

~\mT)F\\i.^s) + m{T)F\\i.^s) = o 

Therefore, 

\\mr)F\\l.^s)+l^ m{T')F\\l.^s)dr' = ^||i=^|li.(s) (23) 

and (18) follows. On the other hand, multiplying the equation by tAU{t)F, we 
similarly obtain the identity 

^^r||VC/(r)F||i.(^) +r||A[7(r)F||i.(,,) = Vt/(r)F||i.(5) 

Integrating this in r, with the help of (23), 

^l|Vt/(r)i^||i.(S) + jJ^'r'||AC/(r')i^lli.(5)dr' < ^ J^^ || VC/(t)F|U.(s) < \\\F\\h^s)^ 

(24) 

which implies (20) . Proceeding in exactly the same way with the multiplier tAU {t)F 
replaced by AU {t)F yields (19). Furthermore, multiplying the equation by A^J7(t)/, 
we have 

i|-r2||AL/(r)^^||i.(^) +r2||VAL/(r)^^||i.(5) =T||AC/(T)F||i.(^) 

Integrating in r and using (24), we obtain 
^2 



^||AC/(r)F||i.(5)+^^(T')^||VAC/(r')F||i.(^)dr' = ^%'||AC/(r')F||i.(5)dT' < \\\F\\h^s) 



^Indeed observe that A is selfadjoint and formally U(T)f = X]„ ^("A" 
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This immediately yields (21). 

To prove (22) we observe that 

\\U{t)VF\\12 =< U{t)VF , U{t)VF >=< div U{t)U{t)VF , F > 
Therefore, 

\\U{t)VF\\1. < \\ViUiT)U{T)VF)U4FU. 

< ^r-i\\U{T)VFU4F\\L^ 
whence ||f/(T)VF||i2 < ^t-^\F\\l2 as desired. ■ 

In the next proposition we establish a simple estimate for U{t). 
Proposition 4.2. For every 2 < p < oo 

\\U{t)F\\lp < \\F\\lp 

Proof : We shall first prove the Lemma for scalar functions /. We multiply the 
equation 9^C/(t)/ — A[/(t)/ = by (?7(r)/)^^ and integrate by parts. We get, 

^^\\Uir)F\\% + {2p-l) I |VC/(r)/nC/(r)/pf-2=0 

Therefore, 

\\U{t)F\\l2, < \\F\\l2, 
The case when is a tensorfield can be treated in the same manner with multiplier 

{\u{t)f\Y-'u{t)f. m 



5. Invariant Littlewood-Paley theory 



In this section we shall use the heat flow discussed in the previous section to develop 
an invariant, fully tcnsorial, Littlewood-Paley theory on manifolds. Though wc 
restrict ourselves here to two dimensional compact manifolds it is clear that our 
theory can be extended to arbitrary dimensions and noncompact manifolds. 

Definition 5.1. Consider the class A4 of smooth functions m on [0, oo), vanishing 
sufBciently fast at oo, veriiying the vanishing moments property: 

/■oo 

/ T'''d^^m{T)dT = 0, |fci| + |fc2|<A^ (25) 
Jo 

We set, mfc(T) = 2^*'m(2^'^r) and define the geometric Littlewood -Paley (LP) 
projections P^, associated to the LP- representative function m € A4, for arbitrary 
tensorfields F on 5 to be 

/>oo 

PkF= / mk{T)U{T)FdT (26) 
Jo 
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Given an interval / C Z we define 

Pi = ^PkF. 
kei 

In particular we shall use the notation P</s, P<k, P>k, P>k- 



Observe that Pk are selfadjoint'', i.e., Pk = -Pfe, in the sense, 

<PkF,G>=<F,PkG>, 
where, for any given m-tensors F, G 

<F,G>= [ y^^'^ • • • 7'-'-Fi„„i^Gj,.„j^dvo\^ 
Js 

denotes the usual scalar product. 
Consider two LP projections associated to a, 6 

/•OO /"OO 

PaPbF = / / dTidT2a{Ti)b{T2)U{n+T2)F 

Jo Jo 

POO POO 

= / dn dr a{n)b{T -ti)U{t)F 

Jo Jti 

poo PT 

= / dTU{T)f / dn a(ri)6(r-ri) 
Jo Jo 

POO 

= / dTa*b{T)U{T)F 
Jo 

where 

a-kb{T)=[ dn a{Ti)b{T - Ti) (27) 
Jo 

Lemma 5.2. If a,b E A4 so does a-kb. Also, (a * 6)fc = a^. ★ 6^. . In particular if we 
denote by '■"•'Pfe and Pfe the LP projections associated to a,b then, 



Proof : We only need to show that j{a-kb){T)dT = 0. Then, we can easily 

check that t • (a-kb) (r) and -^{a*b) also verify the same property as well as any 
combination of these. Clearly a-kbdr = a{n)dn ■ b{T2)dT2 = 0. ■ 

Motivated by this Lemma we define: 

Definition 5.3. Given a positive integer £ we define the class A4e C of LP- 
representatives to consist of functions of the form 

fh = m-km-k...-km = (m*)^, 

for some m G A4. 



This follows easily in view of the selfadjoint properties of A and U{t). 
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Lemma 5.4. For any i > I there exists an element m G ^Ai such that the LP- 
projections associated to fh verify: 



Y,Pk=I (28) 



Proof !!! 



Theorem 5.5. The LP-projections Pk associated to an arbitrary m € M verify 
the following properties: 

i) LP-boundedness For any I < p < oo, and any interval I CZ, 

WPiFh^ < \\FU. (29) 

a) LP- Almost Orthogonality Consider two families of LP-projections Pk,Pk 
associated to m and respectively m, both in A4. For any 1 < p < oo: 

\\PkPk'F\\LP<'2-^^''-'''^\\F\\LP (30) 

Hi) Bessel inequality 

k 

iv) Reproducing Property Given any integer £ > 2 and fh G M.i there exists 
m £ M. such that such that fh = m-k m. Thus, 

Whenever there is no danger of confusion we shall simply write Pk = Pk - Pk- 

v) Finite band property For any 1 < p < oo. 

\\APkF\\LP < 2^''\\F\\lp 
\\PkF\\L. < 2-^''\\AF\\l. 

Moreover given m e M we can find fh G A4 such that APk = 2^'^Pk with Pk the 
LP projections associated to fh. 

In addition, the L"^ estimates 

||VPfcF|U2 < 2'=||F|U. 
llPfeFlU. < 2-'^\\WF\\l. 
hold together with the dual estimate 

||P,VF|U. < 2'=||F|U. 

vi) Weak Bernstein inequality For any 2 < p < oo 

\\PkFh.<{2^'--^^' + l)\\Fh2, 
\\P<oF\\l. < \\Fh2 
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together with the dual estimates 

llPfeFlU. <(2(i-i)'^ + l)||F||^,,, 
\\P<oFh^ < \\Fh.' 

vii) Commutator Estimate Given two tensorfields F, G and F ■ G any contrac- 
tion of the tensor product F^G we have the following estimate for the commutator 
[Pk,F]-G = Pk{F-G)~F-PkG 

\\ [Pk,F]-GU.<2-''\\\/F\\L^\\GU.. 

We also have the estimate of the form 

II [Pk , F] . G|U. < (2-2'=||Ai^|Uoo + 2-'=||VF|Uoo) ||G|U.. 



Proof : 

i) The LP boundedness of Pk follows from the mapping properties of the heat 
flow U{t). 

ii) Assume that k2> ki. By definition and in view of the semigroup property of 
U (r) we write, 

PkiPk2f = / U{Tl+T2)f mki{Tl)mk2{T2)dTldT2 

Jo Jo 

Writing U{ti + T2) = U{ti) + ■j^U{ti + ST2)ds and then using the vanishing of 
Jq° "^fe2 infer that, 

PkiPk2f = U{ti+ ST2)f mkATl)T2'mkAT2)dTidT2 

Jo Jo ClTi Jo 

roc |.oo <.l ^ 
= - / / U{ti + ST2)f —mki{Tl)T2mk2{T2)dTldT2 

Jo Jo Jo dn 

/>oo pi 
fei(O) / dT2T2fhk2{T2) I U{sT2)fds 

Jo Jo 



- mki 

Now setting h{T) = Tm{T), and n(T) = m'(r) we infer that, 

/•OC /'OC /"l 

Pk.PkJ = -22(^1-'=^)/ / / U{n+ST2)f nkAri)hkAr2)dndT2 

JO Jo Jo 

- 22('=i-'=^)m(0) / dT2nk2{T2) / U{sT2)fds 

Jo Jo 
Therefore, using the mapping properties of U, 

/>oo />oo 

\\Pk,Pk2F\\L^ = 2-2|'=i-*^^I||F|Up / / \nkAri)\\nkAr2)\dndT2 

Jo Jo 

+ 2-2|'=-'=^l|m(0)|||F|U. / \hkAT2)\dT2 

Jo 



LP 
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Remark 5.6. One can give a slicker proof of the almost orthogonality properties 
of LP projections by using the algebraic formula = APkf, see (35) below. 

Moreover, if sufficiently many moments of m are zero, s.t T^^m,T'^^7h are good 
symbols, then in fact, 

\\Pk,Pk.F\\L^<'2~^'^'''~'''^\\F\\L^ (31) 



iii) To prove the Bessel type inequality we write, 

Ell^^^lli^ = E < PMJ>< \\iJ2Pk)F\\L4F\\L^ 

k k k 

To show that the operator P = J2k -^fc bounded on we appeal to the Cotlar- 
Stein Lemma, see [Stein2]. Observe first that, in view of Lemma 5.2, P^ = C™*"*) P^.. 
Since m -k m G A4 we can, without loss of generality, simply write P^ = Pk- The 
conditions of applicability of the Cotlar-Stein Lemma^ are satisfied in view of the 
almost orthogonality established in part ii) as well as Pk = Pk- 

iv) The proof is immediate in view of the definition 5.3. 

v) According to the definition of Pkf we have 

APfc/ = j 7nk{T)AU{T)f = J mk{T) — U{T)f 

= -mft(0)[/(0)/ - —mk{T)U{T)f 
= -2-"^(m{Q)f + j\m')k{T)U{T)f^ 

In view of the properties of U{T)f and the obvious bound |(rn')fe(T)|rfr < 1, 

\\APkF\\LP<2^''\\F\\LP (32) 

To prove the second estimate we introduce m^r) = — m(T) such that ■§f'in = 
m{T) and |m(r)|dT < oo. Observe also that m(0) = 0. Set also, 

fhk{T) = 22'=m(22V) 

/■oo /.oo 7 

22'=Pfe/ = j 2^''mk{r)U{T)f = J ^fhkirpir)/ 

/.oo . ^oo 

= -I ^k{T) — U{T)f = -J^ mk{T)AU{T)f 

= - / fhk{T)U{T)Af (33) 
Jo 

Therefore, using the estimate \\U{t)AF\\lp < || Ai^jl^p, we infer that, 

/.oo 

2''\\PkFU.<\\AFU. \rnk{T)\dr<\\AFU. (34) 
Jo 

^Notice that we axe in the special case of commuting selfadjoint operators. 
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Observe also that, according to (33) we have 

2"'PkF = APkF (35) 
where Pk is defined by the symbol m(T) = — m{T') e M.. 

To prove the estimates involving one derivative we observe that 

||VPfcF||i. = <VPkF,VPkF>=- <APkF,PkF> 
< \\APkF\\L4PkF\\L.<2-"'\\F\\l, 

On the other hand, using (33) 

2^''\\PkF\\l, = 2^'= < PkF,PkF >= - / mfc(r) < AU{T)F,PkF > 

Jo 

/•OO POO 

= / fhk{T)<VU{T)F,VPkF>< |mfc(T)| •||V[/(T)F|U2||VPfcF|U2<||VF|||„ 

Jo Jo 

where we used the inequality (19), || V?7(t)-F||l2 < ||VF||/,2 together with the 
bound ||VPfc-F||i,2 < ||VF||l2, which follows from it. 

vi) The proof of the U' Bernstein inequality is an easy consequence of the 
Gagliardo-Nirenberg inequality (8): 

\\PkF\\L. < \\VPkF\\p\\P>,F\\l + \\PkFh2 (36) 
for 2 < p < DO and the finite band property. 

vii) By definition 

[Pk,F]G = (u{T){F-G)-F-U{T)G^mk{T)dT 

Let w = U{t){F ■G)-F- U{t)G. Clearly, 

drW-Aw = V{VF ■U{t)G) +VF ■VU{t)G 
= AF ■ U{t)G + 2VF • VU{t)G 

Consequently, since w{0) = 0, 

W = Wi + W2 
Wi{t) = f U{T-T'){AF-U{T')G)dT' 

Jo 

W2{t) = [ U{T-T'){WF-VU{T')G)dT' 

Jo 

and, 

IKWIIl^ < r \\U{T-T'){AF-U{T')G)U^dT' < r \\{AF-U{T')gU^dr' 
Jo Jo 



< IIAFIUoo r \\U{t')G\\l. < t\\AF\\loo . IIGIU2 
Jo 
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\\Mr)\\L^ ^ f \\U{T-r'){yF-VU{T')G)\\L^dT' < f F ■VU{T')G\\L.dT' 
Jo Jo 

||VF|U» r\\VU{T')Gh.<\\VFU^.\\Gh2 rr-i 
Jo Jo 



10 

< 



< r^||V^^|U^.|lG|U. 

Therefore, 

\\[Pk,F]G\\ < r \\w{T)U.\mk{r)\dT 
Jo 

< (2-^''\\AF\\loo + 2-*=||Vi^|Uoo^ . 

Remark 5.7. To get the inequaUty 

\\[Pk,F]G\\<2-'^\\VF\\L^\\Gh2 
we need the estimate ||f7(T)VF||2;,2 <t~^ II-^IU^ established in (22). We rewrite 
wi{t) = wn{r) - wi2(t), 

wii{t) = f U{t- t')V{VF ■ U{T')G)d.T', 
Jo 

wi2{t)= ( U{t - t'){VF ■VU{T')G)dT' 
Jo 

The term W12 is exactly the same as W2{t) and gives rise to the desired estimate. 
To estimate Wn we use (22) and write 

IkiiWIU^ < r T'~-'\\VF.U{r')GU2dT' <t-^\\VF\\l^\\GU. 
Jo 

which again leads to the desired estimate. 



6. SOBOLEV SPACE i?^(S'). 

Before discussing the general, fractional, Sobolev spaces in the next section it is 
instructive to see how the the standard Sobolev space (S) can be characterized 
by our LP projections. We prove the following: 

Proposition 6.1. 

i.) Consider the LP projections Pk associated to an arbitrary m G M.2. Then, 

k 

E^^'ll^-^^lli^ $ livi^ili. (38) 

k 

11.) If in addition the LP-projections Pk verify: 

Y.Pk=I (39) 

k 
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Then, 

Wnl^ = ^\\PkF\\h (40) 
fe 

llVFIIi. < ^22'=||PfeF||i. (41) 



Proof : The first statement of part i) is nothing else but the Bessel inequality 

established above. To prove the second statement of i) we write = _P| and make 
use of of the L^-finite band properties of the P^s, as well as the L^- boundedness 
of the operator J2k = J2k ^k- shall also make use of the following simple 
formula based on the standard definition of (—A) 2, 

||VG||i2 =< VG, VG >= - < AG,G >=< (-A)^G, (-A)^G ||(-A)3G|U2 
Therefore, 

E 2'1ifti^iii2 < E W'^P'^nh = E ii(-A)^Pfci^iii2 = E iift(-A)^i^iii. 

k k k k 

= E < ^fc(-A)^/, Pfe(-A)^/ >=< E^K-A)^/, (-A)5/ > 

fc k 

< ||E^fe(-A)^F|U2||(-A)^F|U2 < ||(-A)^i^||i. = llVi^lli. 

k 

as desired. 

The first identity of part ii) is trivial, 

11^1112 =<EnV,/>=Eii^'^^ii'= 

k k 

To prove the second inequahty of part ii) we introduce P^ ~ P^ and and make use 
of J2k Pk — i^-finite band inequality ||APfeg||i2 < 2^''||g|li2, the inequality 

(51), as well as as the commutation properties of our LP projections with A: 

llVi^lli. = <-A/,/>=<-A(En').f,/>=E<-^^'^/'^fc/> 

fe fe 

< El|A^fe'i^lU2||Pfei^|U2 < E2''ll^fei^lU2||Pfei^|U2 

k k 

< (E2''ll^fe^lliOME2''ll^fc^lliO' ^ ||VF|U2(E2^'l|i^fe^^lli2) 



whence, 



as desired. 



\\vF\\L^<{J2'^"'\\PkF\\i.y 
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7. Fractional powers of A and Sobolev spaces. 
We recall the definition of the Gamma function, for ^{z) > 

/•oo 

T{z)= / e-H'-^dt (42) 
Jo 

as well as the beta function, 

B{a,h)= [ s''-'^{l- sf-'^ds (43) 
Jo 

Recall that 

= ^ 

Let ja{^), 3?(a) < 0, denote the function which is identically zero for A < and 

ia(A) = j;^A-«-\ A>0. (45) 

The following proposition is well known. 
Proposition 7.1. For all a,b, 3?(a), 3?(&) < 0, 

ja * jb = ja+b 

Moreover there exists a family of distribution ja, defined for all a e C, such that, 
ja * jb = ja+b o,nd jo = Sq, the Dirac delta function at the origin. 

Proof : We only recall the formula ja * jb = ja+b for 5i(a), iR(6) < 

ja*jb{X) = w^w^ /'^"""'(A-Mr'-'rfM 



x-g-b-l /\-a-lci _ „\-&-l 

r(-a)r(-6)^ i ' 

""^"""'^ :A-«-^-^ = ^.^^A— =ja+b{X) 



r(-a)-r(-6) T{-a-b) 



Definition 7.2. We define the negative fractional powers of = / — A on any 
smooth tensorfield F on S according to the formula 

1 r°° 

where a is an arbitrary complex number with 9?(a) < 0. 

Proposition 7.3. The operators A" is symmetric and verify the group property, 

\a . \b _ f^{a+b) 
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Proof : According to the definition of A" and the semigroup properties of U we 
have, for any tensorfield F, 



as desired. 



r(-a/2) r(-6/2) 7o Jo 

1 



n-.nw,L '-'"'H ^r-'(A-n)— .... 

ja/2*jb/2iX)e-^U{X)F= I ja/2+b/2{X)e-^U{X)F 

Jo 

f^a+bp 



We extend the definition of fractional powers of A to the range of a with JR(a) > 0, 
on smooth tensorfields F, by defining first 

A"F = A"-2 • (/ - A)F 

for < 3fi(o) < 2 and then, in general, for < 5i(a) < 2m, with an arbitrary 
positive integer m, according to the formula 

A"F = A"-^"" ■ (/ - A)™F. 

Observe that for < 3?(a) < 2, 

1 f°° 

A-F = A»-2(/ - A)F = / r-«/2e--C/(T)(7 - A)FdT 

r(-a/2+ 1) 7o 

1 f"^ . d 



r {^T-''^^)e-^U{T)FdT 
Jo dr 



r(-a/2+l)7o 

— - / T-^/^-^e-^UMFdr 
-a/2) Jo ^ ^ 



r(- 

Moreover, for a = 0, the integration by parts we have performed above yields also 
a boundary term. 



1 pOO pOO 1 



)U{T)FdT 



i.e. A ^ is truly the inverse of 7 — A. 



Remark 7.4. In a similar fashion, we can introduce the family of operators = 
(—A) 2 for all a e C. As before, we start by defining formally, for 3?(a) < 0, 

-D^F = / T-^-'U{T)FdT. (47) 

r(-a/2) 7o 

However, unlike A", this formula makes sense only for smooth tensors F which verify 
the additional property that F is orthogonal to the kernel of the tensor laplacean 
A. In view of our smoothness assumption on the manifold S and the cUipticity of 
A, the above kernel is finite dimensional. We can also extend the definition of 
to the range of a e C with 5i(a) > according to 
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with an integer m such that 2m — 2 < 3?(a) < 2m. It follows that the operators 2?" 
with 3i{a) > can naturally be extended to the space of all smooth tensors. We 
also check, as before, that 1?° = /. 



Wc have thus proved the following: 

Theorem 7.5. There exist two family of operators (I?")aec j i^°')aeC such that, 
A° = /, A"-A^ = A("+''), A^'^ = (/- A)*^, fc = 0,l,2..., 
V"=I, V^'' = {-A)'', A: = 0,1, 2... 

on the space of all smooth tensorfields. In addition, the identity 

T>°' -V^ = V^""^^^ 

holds on the space of all smooth tensorfields provided that ^{b) > and ^{a+b) > 0. 
For the Tcrriaining values of a, b G C the above identity holds only on the orthogonal 
complement of the kernel of A. 

For 5ft(a) < —2, and any tensorfields F, A'^F can be defined by the formula (46), 
while V^F is defined in (47) for F in the orthogonal complement of the kernel of 
A. 

Proposition 7.6. The following estimates hold true, for any 5R(a) < 0. 

||A«F|U. < ||F|U.. 
Moreover, for 2k < SR(a) < 2fc + 2, fc e N, 

||(A« - P« - ciD»-2 - 02^-^ CfeD«-2'=)i^||^2 < \\F\\l. (48) 

where c^ = (-1)'^ ^1^7°^/^ ■ 



Proof : To show the boundedness of A°, 3?(a) < 0, we only have to use the 
boundedness of the heat flow, ||f7(T)F||i2(s) < ||F||i2(5). Thus, 

To prove (48) we expand e""^ in the formula defining A"_F, 



e-^ = 1 - T + + • . • + (-1)'^t'= + 0(r'=+ie-). 



Hence, 



V{-a/2).j, ""^^^^ ''"^ T(-a/2) 

, , 1 r(-«/2 + 2) , , 1 r(-a/2 + k) 



' ' 2! r(-a/2) ^^""^^ + • • • ^-'n^^n^^'-'' + 

where, in view of the boundedness of U{t) and the intcgrability of T~°'l'^^^e~ 
for 3?(-a/2) + fc > -1, we have \Ey,{F)\i,^ < \\F\\l2 as desired. 



The following proposition follows easily by standard complex interpolation. 
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Proposition 7.7. For every smooth tensorfield F and any b > a > 0, 

l|A"F|U, < IIA^Fll^Z/llFll^r/" (49) 
WD'FWl, < WV'FWli'WFWl-''/'' (50) 



We next establish a comparison between ||'D"i^||£,2 and ||A'*F||j^2. 
Proposition 7.8. For every a>0 and every smooth tensorfield F we have, 



Proof : Indeed, according to the expansion (48), we have for G N for which 
2k < 5?(a) <2k + 2, 

k 
i=l 

Thus, in view of the interpolation formulas of proposition 7.7, 

fc 

||A"F|U. < ||I?"F|U.+^||I?"-2^F|U. <||I?"F|U. + |1F|U. 

i=l 

To prove the remaining estimate, |12?"F|li2 < j| A°F||/,2 it suffices to prove that, the 
operators A-^V are bounded in L^. Observe that A^^V^ = I-A'^. Thus, A'^P^ 
is bounded. On the other hand, since the operators A" and I>" are selfadjoint and 
commute with each other, 

ll^-a . x)''F\\l2 =< A-^" ■ F >< WA-^" ■ I?^"F||l2 • 1|F||l2 

Thus A-"I3" is bounded in if A-2"p2a jg ^j^g ^^^^j. ^^^^^ if A-^-P", A"'' •I?*' 
are bounded in so is A"""'' • T>"~^^. Thus, since we already know that A~^V^ is 
bounded, wc easily infer that A~°'T>'^ are all bounded for all positive numbers 
of the form m2~'^, m,k e Z. The general statement follows now by a limiting 
argument. ■ 

We are now ready to define Sobolev norms as follows. 
Definition 7.9. For positive values of a we set, 

\\F\U^s) = W^'^FUhs) « (l|I'"i^lli.(s) + 

In the next theorem we give a characterization of the Sobolev norm defined above 
with the help of LP projections. The proof depends heavily on the following lemma: 

Lemma 7.10. For all values of a G C and any family of LP projections Pk with 
symbol m, there exists another family of LP projection Pk, with symbol m = m*ja/2, 
such that, 

PkVF = VPkF = 2'^''^PkF. 



-^Ili^fS)) ^ 
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Proof : Since the statement is clearly true for even positive integers it suffices to 
check it for 5i(a) < 0. In this case, 

1 

-I nOO nOO 



poo 

/ Jk{X)U{X)FdX 
Jo 



where 



1 


r(- 


-a/2) 




1 


r(- 


-a/2) 




1 



r(-a/2) J, 



.22'=A 

/ m{x){X - 2-2'=a;)-«/2-irfa; 
Jo 



2ak22k 1 f rn(a;)(22'=A-a:)-«/2-irfa; = 2«'=22'=m(22'= 
1 {-a/2) Jo 



A) 



and 



1 f 

rh{>') = p^_^^2) X m{x){X-x)-''/'^-'^dx = m*ja/2{X), 
is clearly a symbol in A4. Therefore, 

VPkF = 22"*^PfcF 

as desired. ■ 
Theorem 7.11. 

i.) Consider the LP projeetions Pk associated to an arbitrary m G A4. Then, for 

any a > and any smooth tensorfield F , 

^22"'=||Pfei^||i. < \\V^F\\l. (51) 

k 

a.) If in addition the LP-projections Pk verify: 

Y.Pk=I (52) 

k 

then, for^ < a < 2, 

W-D'-FWl. < ^22'^iP,F||i. (53) 



Proof : For a = part i) is nothing else but the Bessel inequality established 

earlier. To prove (51) for all a > 0. we make use of lemma 7.10. Let P). an arbitrary 
family of LP projections according with symbol m G Al. Let Pi~ be the LP-family 

^In fact the estimate holds true for large a provided that sufficiently many moments of the 
symbol m of Pfc's vanish, see remark 5.6. 
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defined by the symbol fh = m * j-a/2- In view of lemma 7.10 PkVF = 2''''P'f,F 
with the corresponding symbols m and m' verifying: 

m' = m* ja/2 = (to * j-a/2) * ja/2 = TO * {j-a/2 * ja/2) = 171*6 = 171. 

Therefore Pi-V^F = 2°'''PkF and consequently, using Stein-Cotlar lemma as in the 
proof of part iii) of theorem 5.5, 

i|2'^'=PfcF|||2 = W^kV^FWl, =< {J2 P^VF^VF > 

k 

as desired. 

To prove part ii) we observe that, if 

\\G\\h =<YPlG,G>=Y,\\PkG\\l. 

k k 

Thus, using lemma 7.10 once more, 

WF\\i. = Y,\\PkV'^nh = Y.'^'''''\\PkF\\i. 

k k 

It remains to prove that, 

Y2'<^^\\PuF\\l.<Y'^-''^^\\PkF\\l. (54) 
fe fe 

To show this we proceed as follows, with the help of the almost orthogonality 
estimate \\Pk'PkG\\L^ < 2-2|'=-'='l ||G||i2. Thus setting = J2k'^'"'''\\PkF\\h 

J2 = ^ 22"'= < P^F, F>=Y 2^"'' < PkF , P^,F > 

k k,k' 

= ^22«'= < Pk'PkPk'F, PkF >< ^22-'=||Pfe,FfePfe.i^|U2 . \\PkF\\L^ 



< 5^22«'=2-2|'=-'='l||Pfe,F|U. • \\PkFU2 

k,k' 

< ^2"('=-'=')2-2|'=-'='l(2'^'='||Pfc,F|U2) . {2^'^\\PkFU2) 

k,k' 

< ( Y 2'"'' \\Pk'F\\h) ^ ( Y ^'"""WPkFWl.y =J-{J2 2'"'' \\Pk'F\\h) 

fe' fe fe' 

and thus, 

J<{Y'^'""''\\Pk'F\\l.)^ 
fe' 

as desired. 



As a corollary to theorem 7.11 and proposition 7.8 we derive: 
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Corollary 7.12. For an arbitrary LP projection, a > and any smooth tensor F 
we have, 

Y,'2'""'\\PkF\\l.<WF\\l. 

k>0 

Moreover, if J2k ^k = I' 

WF\\l^<Y.'^'''"'\\PkF\\l. + \\F\\l. 

k>0 



8. BeSOV SPACES 

In the last section we have defined invariant Sobolev norms using the fractional 

integral operators , A" and then characterized them with the help of the LP 
projections. In this section we define invariant Besov spaces using directly the LP 
projections Pk- 

Definition 8.1. Consider the LP projections associated to a fixed m G A4 such 
that, J2k ^k ~ ^ ^'^'i define the Besov norms, for < a < 2, 

= {J2'^'""'\\PkF\\h)' + \\FU. (55) 

fc>0 

Proposition 8.2. Let the LP projections Pk verify J2k ^k — ^ '^"'^ consider the 
(55) defined relative to them. Let Pk any family of LP-projections associated to an 
arbitrary in G A4. Then, for every < a < 1, 

Y.r'^WPkFh^ < (56) 

k>0 



Proof : We shall use the fact that, in view of the almost orthogonality property iii) 
of Theorem 5.5 of the P^'s we have \\Pk'PkG\\L2 < 2-2|'=-'='l ||G||i,2. In particular, 

\\PkP<oGh^<2-^'^\\Gh., 

Now, 

Y,2'^^PkFU2 < ^ 2'="||P,P,2,F|U. + ^2'="||PfcP^oP||^. 

fe>0 k,k'>0 k>0 

= J2 ^'"'\\Pk'PkPk'F\\L2+J2^''''\\P<oPkP<oF\\L^ 



k,k'>0 k>0 



< J2 2'="2-2|'=-'='l||P;,,F||i2 +^2'=("-i)||P<oP|U2 

k,k'>0 k>0 

< ^2'^'^Pk,FU. + \\FU. = \[F\[Bs^^ 



k'>0 



as desired. 



According to corollary 7.12 the norms -Bf 2 equivalent to the Sobolev norms 
-ff", for < a < 2. For the Besov index 1 we have the obvious inequalities. 
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Proposition 8.3. For any smooth tensorfield F, 

\\F\\bi, < WFWs^^, a<b (57) 

\\F\\h- < \\F\\bi,, 0<a (58) 

II^I|b», < II^^IIh^, 0<a<6. (59) 

Proposition 8.4. The following, non-sharp, Sobolev inequality holds true with 
2<p<oo, a=l — I and any tensorfield F, 

\\F\\l^ < \\F\\bi, (60) 

Proof : We write F = X]^>o PkF + P<oF- Thus, in view of the LP Bernstein 
inequality, 

\\F\\lp < Yl \\PkF\\LP + \\P<oF\\lp < ^2'=(i-i)||Pfci^|U2 + \\F\\l2 < IIFIIbc.^ 

fe>0 fc>0 



9. LP - DECOMPOSITIONS AND PRODUCT ESTIMATES 

Let Pfe the geometric LP projections associate to an m e A4e- We also assume that 
X^j^ Pfe = /. Given a tensorfield F we write, for a given k gZ 

F = P^kF + P>kF (61) 

where P^k = J2i<kFi, P>k = J2i>kFi- Given two tensors F,g and F ■ g some 
geometric product between them we decompose, 

F-g = P>kF ■P>kG + P<kF ■P<kG + P<kF ■P>kG + P>kF ■ P<k G 

Thus, 

Pk{F-G) = nk{F,G) + ak{F,G)+pk{F,G) (62) 
nkiF,G) = Pk{P>kF ■ P>kG) 

Gk{F,G) = Pk{P<kF ■ P<kG) 

Pk{F,G) = Pk{P<kF ■ P>kG) + Pk{P>kF ■ P<kG) 

Observe that for the classical LP theory, based on the Fourier transform, the terms 
(Jk and pk are absent. Unfortunately this is not the case for our definition of 
geometric LP-projcctions. Wc shall sec however that the presence of such terms 
does not in any way affect the main results that can be obtained by the standard LP- 
theory. In what follows we shall apply the decomposition (62) to prove a geometric 
version of the classical Sobolev and Besov norm multiplication estimates. We start 
with the following 

Lemma 9.1. Let F,G € and consider (62). Then, the high-high interaction 
term-Kk{F, G) verifies, 

Y^2''\\irk\\L2 <\\F\\HA\G\\m 

k>0 
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Proof : For fc > we write, nk = ttI + tt\ where, 

k<m'<m k<m' <m 

By symmetry it suffices to estimate tt^. Using first the dual weak Bernstein inequal- 
ity for some sufficiently large p < oo, followed by Cauchy -Schwartz and then again 
the direct weak Bernstein, we obtain for any fc > 0, with +2^^ — p' ^ = l—p~^, 

hlh^ < E \\Pk{Pm'F-PmG)h^ 
k<m'<m 

< 2f Y \\Pm'F-PmG\\^,, 

< Y 2-"-"'2f ||2-'P„,i^|U,||2™P„G|U2 

k<m' <m 

< J2 2-'"2f 2-™'f||2'"'P„,F|U2||2'"P„C?|U2 



Thus, in view of the proposition 6.1 

E2'II4IU^^E E 2— +'"'2('=-'"')(i+i)||2'"'P„,P|U2||2'"P„G|U2 

k>0 k k<Cm' <m 

< E 2-i™-™'i||2™'p„,Fiu.||2™P„.G||i2 

0<m' <m 

<\\F\\H4G\\m 



We are now ready to prove the following product estimates. 

Proposition 9.2. Let a, a', (3, (3' e (0, 1) such that a + (3 = a' + (3' = 1. Then for 
all tensorfields f,g and any < 7 < 1, 

\\F-G\\j,.^ < ||A«+^P|U.||A/'G|U. + ||A«'p|U.||A/''+^G|U2 (63) 

Proof : Observe that the low frequency part ||P<o(P • G)\\l2 can be trivially 
estimated in view of the dual version of the weak Bernstein inequality with + 
= p'~^ = 1 — p~^ for some sufficiently large p, 

l|J'<o(i^ • < IIP • G||^,, < ||P|U, ||G|U. 

followed by the Sobolev embedding (60) with a > |, 

Ili^lU^ < ll^^ll 1 <I|A"P|U2 

-°2,1 

Consider now the high frequency part J2k>o \\Pk{F ■ G)||i2. Decomposing as in 
(62) we write 

Pk{F ■ g) = TTkiF, G)+ak{F, G) + pu{F, G) 
The estimates for the high-high interaction term tt/j = tt^ +7r^, fc > are as follows: 
For fc > we write, tt^ = tt^ + 7''^; by symmetry it suffices to estimate tt^. Using 
first the dual weak Bernstein inequality for some sufficiently large p < 00, followed 
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by Cauchy -Schwartz and the the direct Bernstein, we obtain for any fc > 0, 
with +2-1 =p'~^ = 1 

\\<\\l^< E \\Pk{Pm'F.P,nG)U^ 

k<m'<m 

<2f E \\Pm'F-PmG\\^,, 

< J2 2-"-'-'5-2f ||2'"'«P„,F|U<,||2'"'5p^G||^, 

< 2-«'"'-^'"2f 2™'(i-f)||2'"'«P„,i^||i2||2™^P„G||i2 

k<m'<m 

< J2 2-^(™-'"')2^^^||2'"'«P„.F|U2||2™^P„C?|U2 

k<m'<m 

Thus, 

E^'^ll'^fell^^ ~ E 2-'^(— ')2'=^2^^||2'"'"P„,P||i2||2™^P„G|U2 

/c>0 k<'m' <m 

< E 2-'5('"-™')||2'"'("+T)p„,P||i2||2™''P„G||L2 

m' <m 

< ||A«+^P|U2||A/^G|U2 

since /3 > 0. 

Consider now, crfc(P, G) = Pk{P<kF ■ P<kG) = cr^ + cr^, 

ai(F, G) = E ^fe'^ • ^' '^fe^^' ^ ) = E ^fe'^ • ^fc" 

k'<k"<k k"<k'<k 

By symmetry it suffices to estimate tr^. Using the finite band condition followed 
by the dual weak Bernstein inequality for p > 2 sufficiently close to p = 2 and the 
direct Bernstein, we estimate^ with + = p'~^ as in the case of tt^, 

< E 2-'=(i-f)||Pfc,F|U,||VPfc.G|U2 

k'<k"<k 

< Yl 2'="2'='(i-f)2-'=(i-f)||P,,P|U2||P,„G|U2 

k'<k"<k 

< J2 2'="2('='-'=)(i-i)2-"'='-'^'="||2'='"Pft/F||i2||2'="''Pfc,,G||L2 

k'<k"<k 



We consider only the case when the derivative affects the higher frequency; the other case is 
simpler. 
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Summing over k we obtain 

^2'=^||a,(F, G)U.<Y^ 2'=^2('='-'=)(i-i)2«(^"-'=')||2'^'"P,,F|U2||2'="'3p,„G|U2 

k k k'<k"<k 

< J2 2'="^2(*='-'=")(i-t)2«('="-'=')||2'='«Pfe,F||i2||2^"'5pfe„G'|U2 

k'<k" 

2('='-'=")(''-i)||2'='"Pfe,F||i2||2'="('3+^)Pft,,G||i2 

k'<k" 

<||A«F|U2||A^+TG|U2 
provided that /3 > |, which can be ensured by the choice of q, as long as /3 > 0. 

We now estimate pk{F, G) = Pk{P<kF ■ P>kG) + Pk{P>kF ■ P<kG) = pi + pi 
By symmetry it suffices to estimate pi = Y^k'<k<m ^k {Pk'F- PmG ) . Arguing as in 
the estimate for cr/j we use the dual weak Bernstein inequality followed by Cauchy- 
Schwartz and the Bernstein inequality, we obtain with + 2~^ = p'~^ for a 
sufficiently large value of q, 

\\pI\\l-< E \\Pk{Pk'F ■ PmG)\\L^< J2 2'='2t||P,(Pfe,F • P^G)||i,- 

k' <k<m k'<k<m 

<2f2'='(i-f)||Pfc,F|U.||P„G|U. 

< ^ 2('=-'=')i2''('='-'")||2'='«Pfc,P|U2||2™'3p„G|U2 

k' <k<m 

Now summing over A:, 
T.^^'Wplh^ ^ E E 2'='^2('=-'=')f2^'('='-'")||2'='"P,,F||i2||2'"^P„G||i2 

k k k'<k<m 

< J2 2^^"'^^'''"™^||2'='"Pfe/P||i,2||2'"(''+T)p„G||i2 

k' <m 

< ||A"P|U2|1A'3+^G|U2 

we obtain the desired estimate provided that /3 > -, which can be satisfied by 
the choice of q, as long as /? > 0. The corresponding estimate for requires the 
condition that a> 0. 



10. The SHARP Bernstein inequality 



In this section we shall prove the geometric version of the Bernstein inequality for 

arbitrary tcnsorfields on M. The inequality requires additional assumptions on the 
Gauss curvature K of the manifold M. We shall introduce the following L^- norms 
depending on K, 

:= ||A-^i^|U2 (64) 

with < 7 < 1. 
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Theorem 10.1. Let S be a 2-d weakly regular manifold with Gauss curvature K. 

i. ) For any scalar function f on S, < j < 1, any k > 0, and an arbitrary 
2 < p < oo, 

WPkfhoo < 2''{l + 2--^{K^ +Kt^)+l)\\fU., (65) 
\\P<of\\Loo < + +Kt')\\fh^ (66) 

ii. ) For any tensorfield F on S, any k >0, and an arbitrary 2 < p < co, 

\\PkF\\L^ < 2'^{1 + 2-^kI +2-''^Kf')\\FU., (67) 
||P<oi^||Loo < {1 + {kI +Ktn + Kt')\\FU2. (68) 



Proof : The proof is based on an argument involving the product estimates de- 
veloped in the previous section. 

In view of the estimate (10), we have for fc > 0, 

\\PkF\\L^ < iiv2Pfe^^iii.(iivp,^^iiyiiPfe^^iii.+iiPfeFiiy)+iivPfeFiu. 

< 2'=^||V2PfeF|||,||F||y +2'=|iF|U. (69) 

It remains to estimate the quantity ||V^P;c-F'||z,2. We do this with the help of the 
Bochner identity, 

10.2. Scalar Case. Recall that the Bochner identity for scalars has the form, 

/ \W'g\'= [ \Agf- [ KlVgf. 
Js Js Js 

With the help of the product estimates developed in the previous section with the 

following choice of parameters a = l — j, (3 = and a' = 7, = 1 — 7, we estimate, 

/ K\Vg\' = I (A-T/^)(AT|V3|2) 
Js Js 

< if^llA^lVgHli. <K^||Vg-V5|lB-, 

< if^||AV5|UH|A^V<?|k. <if^||AV5||it^||Vg||il^ 

The last inequality follows from the condition that 7 < 1 and the interpolation 
inequality (49). Since, HAVglUa < Jg IV^fiip + Jg \Vg\'^ we infer that 

/ mgl' < \ f \V^g\^ + {Kt^ +K,) f \Vg\^ 
J S J S J s 

Therefore, 

J S J S J S J s 

This implies 

/ |VV < [ \Agf + {Kf^+K,) [ \Vgf (70) 
Js Js Js 
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Applying (70) to g = Pkf and using the inequalities 
we obtain 

I|V2P,/|U. < (22'= + 2'=(i^^^ +4) + (71) 
Combining (71) with (69), yields 

\\Pkf\\L^ < 2''il + 2-^K^ +Kt^)+l)\\fU2, (72) 
||P<o/lkoo < + +Kt^)\\fU. (73) 

as desired. 

10.3. Tensor Ccise. We recall the B5chner inequality (14) of Corollary ??, 

\\V^FU.<\\AFU^+{\\KU2 + \\K\\l,)\^^ 
Applying this to PkF we obtain 

IIV'PfeFlU^ < {2^'' + 2''{Ko + Kl) + 2''^^Kf')\\F\\L2 (74) 
Combining (74) with (69) we derive 

WPkFh^ < 2^-(l + 2-HkI +Ktn+ 2-'=^ifo^)||F|U2 
as desired. ■ 



11. Sharp product estimates 

In this section we prove the sharp version of the product estimates of Proposition 
9.2 involving Bcsov spaces. These estimates require an additional curvature as- 
sumptions which vary from the scalar to the tensor case. The former only needs 
the bound on the quantity || A^'^i4r||i2, while the latter requires the finiteness of 

Let for < 7 < 1 

A^:=l + (75) 

denote the constants appearing in the sharp Bernstein inequalities (65) and (67). 

Proposition 11.1. Let S be a 2-d weakly regular manifold with Gauss curvature 
K. 

i.) For all scalar functions f, g, any < a < 2, and an arbitrary < 7 < 1, 



\\f-9\\Bs,,<\\f\\Bs,,{\\9\\Bl,+A4g\ 



+ NU»,(||/|U^,,+AII/IL4 ) (76) 
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ii.) For all tensorfields F, G, any Q < a < 2, and an arbitrary 2 < p < oo, 
\\F-G\\bs,, ^ \\F\\bs,,{\\G\\bI,+ Ar\\G\\^^^^ 

+ I|G|1b«,(||F|Ui^+Ao^||F||^^.J (77) 

Proof : The proof relies on the application of the sharp Bernstein inequalities 

proved in the previous section. Wc shall only give the arguments for the scalar 
inequality (76). The modifications leading to the tensor inequality (77) will be ob- 
vious and follow by replacing the scalar Bernstein inequality (65) with its tensorial 
version (67). 

As in the proof of Proposition 9.2 the low frequency part ||-P<o(/ • 9)\\l^ can be 
trivially estimated by means of the weak Bernstein inequality. 

Consider now the high frequency part X^fe>o ||^fc(/ ' fl')IU2- Decomposing as in (62) 
we write 

Pk if ■ g) = TTfc (/, g) + Ok (/, g) + Pk if, g) 
The estimates for the high-high interaction term TTfe = tt^ -I- 7r| , fc > are as follows: 
For fc > we write, Hk = '''fc + ""fc ! by symmetry it suffices to estimate n], . Using 
first the dual weak Bernstein inequality for some sufficiently large p < oo, followed 
by Cauchy -Schwartz and the the direct L'p Bernstein, we obtain for any fc > 0, 
with + 2-1 = p'"^ = 1 - 

hl\W< E \\Pk{Pm'f-Pm9)\W 

k<m' <m 

<2^ E \\Pm'f-Pmgh.' 
k<m'<m 

< J2 2^||p„'/||l,||P™5|U^ 

k<m' <m 

< J2 2f2-^)||2'"'P„,/|U.||P„5|U. 

k<m' <m 

< J2 2-t(™'-'=)||2™'p„,/|U.|l^r„5llL= 

fc<m'<m 

Thus, 

E2'"lkfclU^ ^ E 2-i('"'-'=)2-«('"-'=)||2-'P„,/|U.||2'"«P„5|U. 

fc>0 k<m' <m 

< J2 2-«("')||2'"'P„,/|U.||2"°P„5|U. 

m'<m 

< \\f\\BlM\\BS,, 

Consider now, crfe(/,5) = Pk{P<kf ■ P<kg) ='^l+'^l, 

4if,9)= E Pk'f-Pk"g, 4{f,g)= E Pk'f-Pk"g- 

k'<k"<k k"<k'<k 
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By symmetry it suffices to estimate cr^. Using the finite band condition according 
to which ||(T^(/,5)IU2 < 2-2'= II Acr^ (/,£/) II j;,2 we decompose 

Aal{f,g) = Pk Yl [Pk'f-APk"g + 2VPk'f-VPk"g + APk'f-Pk"9 

k'<k"<k ^ 

= al\f,g) + a]^{f,g) + a]^{f,g) 

By symmetry it suffices to estimate the terms (y]},cF]?- Using the Bernstein in- 
equality we have 



k'<k"<k 

< E +^'^A,)\\Pk,fh4Pk"9\\L^ 

k'<k"<k 

< 2-2'=2'="(2-")(||2'='Pfe,/||i.+A^||2^Pfe,/||i.)||2'=""Pfe,,5|U. 

k'<k"<k 

Summing over k we obtain for a < 2 

Y^'"\\'jl\f,g)h.<J2 E 2-(2-")('=-'=")(||2'='p,,/||^.+A^||2^Pfc,/|U.)||2'=""Pfe.9|U. 

k k k'<k"<k 

E (||2'='Pfc,/|U2+^^||2*Pfe,/|U2)||2'="«Pfc»5|U2 

k'<k"<k 

<i\\f\\B^,, + MfLh 

^2,1 

To estimate cr^^ (/, g) we use the Gaghardo-Nirenberg inequaUty (8) 

ii/iu^<iiv/iiiii/iii+ii/ik=. 



Using the Gaghardo-Nirenberg estimate^ foUowed by the scalar Bochner inequality 

(70) 

4'if,9) < E 2-2'=||VPfe,/|U4||VPfc.ff|U4 

k'<k"<k 

< E 2-^'iiv'i^^'/iiiiiv'^fc"ffiiiiivPfc'/iiiiivPfc.ffiii 

k'<k"<k 



< 5^ 2-2*=2^(2'='+2^^|)||Pfc,/|U.(2'="+2V^|)||P,„g||^, 

fe'<fc"<fc 

< ^ 2-2'=2^+^(2'='+2^A^)||P,,/|U.||P,.5||l= 

fc'<fc"</s 

< Y 2-2*=2'="(2-«)(||2'='P,,/|U. + A^||2^Pfc,/|U.)||2^""Pfe.5|U2 



k'<k"<k 



8 



We drop the low order term in the Gaghardo-Nirenberg inequality since we consider the case 
of high frequencies A; > 0. 
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As before, summing over k we obtain for a < 2 

E2'"lkfe'(/.5)llL= <E E 2-(2-«)('=-'=")(||2'=>fc-/|U.+A,||2^Pfc,/|U.)||2* 



k k'<k"<k 



E (l|2'='Pfc'/||L=+AI|2^^fc'/IU0l|2'""^fc"5lU= 



k'<k"<k 



and the estimate for ak{f,g) follows. 

We now estimate pk{f,g) = Pk{P<kf ■ P>k9) + Pk{P>kf ■ P<kg) = Pk + Pk- % 
symmetry it suffices to estimate p\ = J2k'<k<m Pk{Pk'f ■ PmO)- 

\\pI\\l^< E \\Pk'f\M\Pm9\\L^< E (2'='+2^A^)||Pfc(P,./-P„5)|L,. 

k' <k<m k' <k<m 

< \\Py f\\LA\P^9\\L- 

< E 2— (||2'='P,,/||^.+A^||2^P,,/|U.)||2— P„5lU^ 

k' <k<m 

Now summing over fc, 

E^'^IIPfclU^ ^ E E 2-«(™-'=)(||2'='Pfe,/|U.+^^||2*Pfe,/|U.)l|2'""^m5ll 

k k k' <k<m 

< + All/Li 

^2,1 

we obtain the desired estimate ■ 



12. Operator V on P^.i space 

Motivated by classical considerations we expect the operator of covariant differen- 
tiation V to act continuously in the scale of Besov spaces: V : Pf i ~* -^2!^ for 
any s > 1. The weak regularity assumptions which wc impose on the geometry of a 
surface S gives hope to prove this mapping property only for sufficiently low values 
of s. In this section we shall show this for the particular lowest value s = 1. More- 
over, as in the case of the Bochner and sharp Bernstein inequalities, the regularity 
assumptions needed to prove the result differ drastically dependent on whether V 
is considered on the space of scalar functions or tensorfields. 

Proposition 12.1. Let S be a 2-d weakly regular surface with Gauss curvature K 
and let the constants Aj be as in (75). 

i. ) For all scalar functions f and an arbitrary < 7 < 1 

l|V/||B0,,<||/||Bi,,+4ll/IU2%- (78) 

ii. ) For all tensorfields F and an arbitrary 2 < p < 00 

l|VP|Uo,<||/IUi,+Ao^||/IUo,. (79) 



34 



SERGIU KLAINERMAN AND IGOR RODNIANSKI 



Proof : Once again we shall only provide the arguments in the scalar case. The 
proof of part ii.) is similar and relies on the tensor Bochner inequality (14). 

We consider 

fc t k 

e k<i e k>e 

Using the dual finite band property wc obtain 

e k<e I k<i 



I k<e 

It remains to estimate J2t^k>e ll-ffe^-P^/IU^- -Applying the finite band property 
followed by the scalar Bochner inequality (71) we derive 

WPkVPefh^ < 2-'^||v2p,/|U.< 2-^^(2^ + 420|1P^/||l=. 
Summing we infer that 

^^||P,VP,/|U. < ^(2^ + A,)||P,/|U.^2^-'= 
i k>i t k>e 

< \\f\\Bi.+A: 

as desired. 
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